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We study the deformation of a cavity around a large projectile moving with subsonic velocity in
the cloud of small dust particles. To solve this problem, we employ the Navier–Stokes equation for a
compressible fluid with due regard for friction between dust particles and atoms of neutral gas. The
solutions shows that due to friction, the pressure of a dust cloud at the surface of a cavity around
the projectile can become negative, which entails the emergence of a considerable asymmetry of the
cavity, i.e., the cavity deformation. Corresponding threshold velocity is calculated, which is found
to decrease with increasing cavity size. Measurement of such velocity makes it possible to estimate
the static pressure inside the dust cloud.
PACS numbers: 52.27.Lw, 83.10.Rs, 82.70.Dd
I. INTRODUCTION
Complex (dusty) plasma is a low-temperature plasma
including microparticles. Due to electron absorption,
particles acquire a considerable electric charge. Thus, a
strongly coupled Coulomb system is formed [1–9]. Such
plasma represents a natural system which makes it pos-
sible to observe various collective phenomena at the level
of individual particles. In experimental setups, complex
plasmas are usually studied in gas discharges at low pres-
sures, e.g., in radio frequency (RF) discharges. A large
homogeneous bulk of complex plasma, which almost fills
the entire discharge volume, can be observed under mi-
crogravity conditions either in parabolic flights [10–14] or
onboard the International Space Station (ISS) [10, 15–
19].
In recent studies, attention was focused on tracer par-
ticles or projectiles moving through a cloud of complex
plasma. Such projectiles are generated using controlled
mechanisms of acceleration [11, 20], or they can appear
sporadically [19, 21]. Projectiles moving with supersonic
velocity lead to the formation of extended Mach cones;
subsonic (slow) ones produce localized disturbances of
surrounding particles. In Ref. 22, it was suggested that
the latter regime, realized when a relatively large sub-
sonic projectile moves in a dense cloud of smaller par-
ticles, can be well approximated by a flow of an incom-
pressible fluid. In the framework of the same hydrody-
namic approximation, it was demonstrated that, along
with the regular neutral gas drag, there is an additional
force exerted on the projectile due to friction between
neutral atoms and the particle fluid [23].
In this study, we try to estimate the deformation
threshold for an (initially spherical) cavity around a sub-
sonic projectile. This deformation emerges abruptly as
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the projectile velocity increases, as it is seen in snapshots
given in [11, 22]. To solve this problem, we employ the
Navier–Stokes equation for a compressible fluid taking
into account friction between dust particles and atoms
of neutral gas. We do not treat the deformation self-
consistently. Instead, we imply that the projectile veloc-
ity is below the threshold value, so that a regular flow
around a spherical cavity with no stall can be treated.
The solutions shows that due to friction, the pressure of
a dust cloud at the boundary of the cavity behind the
projectile can become negative, which entails the for-
mation of a microscopic void free from dust particles,
i.e., the cavity deformation. This occurs at some thresh-
old velocity which decreases with increasing cavity size.
Measurement of such velocity would make it possible to
estimate the static pressure inside the dust cloud.
The paper is organized as follows. In Sec. II, we solve
the non-stationary Navier–Stokes equation for an incom-
pressible particle fluid. In Sec. III, the gas dynamics
problem is solved and the corrections for fluid compress-
ibility to the velocity and pressure fields are calculated.
Calculation results are compared with available experi-
mental data in Sec. IV and the results of this study are
summarized in Sec. V.
II. INCOMPRESSIBLE FLUID
APPROXIMATION
Consider an irrotational flow of incompressible par-
ticle fluid formed by the dust crystal melted around a
projectile moving with the velocity u(t) relative to the
dust, where t is the time. The parameter of interac-
tion between dust particles is large due to their low ki-
netic energy at room temperature. The corresponding
parameter for the interaction between the projectile and
dust particles can be defined as the ratio of characteristic
Coulomb energy to the kinetic energy of a dust particle,
2βdp = 2ZpZde
2/λMdu
2 (where Zp and Zd are the charges
of the projectile and dust particle, respectively, in units of
the electron charge e, λ ≃ 6×10−3 cm is the plasma (ion)
screening length, and Md is the dust particle mass). Un-
der typical conditions, this parameter is great, βdp ∼ 100
[22]. In such a strongly coupled system, each particle
(including the projectile) finds itself in the center of the
spherically symmetric Wigner–Seitz cell. Since each cell
is electrically neutral, the interaction of particles can be
effectively reduced to that of cell surfaces, which can be
modeled by hard spheres. This applies to the surface of a
cell around the projectile as well. This approach is valid
until the cavity deformation occurs; however, we will con-
fine ourselves to the treatment of spherically symmetric
cavities below the deformation threshold. We denote the
radius of a cavity around the projectile by R.
The Navier–Stokes equation describing the velocity
field v(r, t) in the reference frame of the projectile has
the form
∂v
∂t
+ (v · ∇)v + ν(v + u) = −∇p
ρ
, (1)
where ρ = Mdnd is the mass density of dust fluid (as-
sumed in this section to be constant), with Md and nd
being, respectively, the mass and number density of dust
particles of the radius ad. Furthermore, p(t, r) is the dust
pressure field, ν = (8
√
2pi/3)δmnnnvTna
2
d/Md is the fric-
tion coefficient with δ ≃ 1.4 being the accommodation
coefficient [6], and mn, nn, Tn, and vTn = (Tn/mn)
1/2
are the mass, number density, temperature, and thermal
velocity of neutral gas molecules, respectively. Equation
(1) assumes also that far from the projectile, dust parti-
cles are quiescent relative to neutral gas. It was shown in
[22] that the approximation of nonviscous flow results in
a fairly good description of trajectories of individual dust
particles; the estimate of the viscosity term for the dust
particle fluid is indicative of the fact that in most cases,
it is small [23]. This allowed us to omit it in Eq. (1) and
to confine ourselves to the nonviscous approximation.
For an incompressible fluid, the continuity equation is
reduced to
∇ · v = 0. (2)
The boundary conditions for (1) and (2) are
(v · n)|r=R = 0, where n = r/r, and v = −u at
r = ∞. For an irrotational flow (∇ × v = 0), we
substitute v = ∇ϕ− u in Eq. (2) to obtain the equation
∇2ϕ = 0, ϕ(t, ∞) = 0, ∂ϕ
∂n
∣∣∣∣
r=R
= 0, (3)
which has the solution [24]
ϕ(r) = −R
3
2r2
u · n (4)
or
v(r) = − R
3
2r3
[u− 3n(n · u)]− u. (5)
FIG. 1. Deformation of a cavity behind moving projectile
(large bullet in the center) moving with the velocity u through
the dust crystal (small bullets around) in a carrier gas. The
projectile is surrounded by deformed cavity with initial radius
R.
The pressure field p(r) can then be found by substi-
tuting velocity (5) in Eq. (1). This yields the following
pressure distribution at the spherical surface of a cavity
(r = R),
p = pst+
ρνR
2
u ·n+ ρu
2
8
[
9
(u · n)2
u2
− 5
]
+
ρR
2
u˙ ·n, (6)
where pst = const > 0 is the static pressure of dust at
r =∞.
Consider the deformation of a cavity around a projec-
tile propagating in the dust crystal (Fig. 1). Here, we
will neglect finite fluid compressibility – corresponding
corrections are discussed in Sec. III. Deformation can be
caused solely by the formation of a void in the stream
of dust fluid because the interaction parameter βdp is
large. Since no evidence for an appreciable attraction
between dust particles has been reported in the litera-
ture, we model the cloud of dust particles by a system of
hard spheres. In such a system, a cavity can be deformed
by void formation if the condition p ≤ 0 is satisfied over
some area around a cavity. This condition corresponds
to cavitation in a metastable fluid and to stall in gas
dynamics.
Let us first consider the case u˙ = 0. According to
Eq. (6), friction between dust particles and neutral gas
gives rise to a pressure increase in front of the projectile
and a decrease behind it, so that p(r) reaches a maximum
at the “front pole” (where u ·n = u). By introducing the
cosine of the polar angle, cos θ = u · n/u ≡ ξ, we readily
derive
∂p
∂ξ
=
9
4
ρu2(ξ − ξcr), (7)
where ξcr = −2νR/9u. If |ξcr| > 1 then the pressure
reaches a minimum at the “rear pole” (ξ = −1), where
3pmin = pst− ρu2(9|ξcr|/2− 1)/2. This corresponds to the
low-velocity regime u < 2νR/9, when the minimum pres-
sure decreases (approximately) linearly both with u and
R. The cavity deformation threshold is defined by the
condition pmin = 0 and is reached easier for larger pro-
jectiles, at the critical velocity ucr ≃ 2pst/(ρνR) [here
we assume pst <∼ ρ(νR)2/8]. Note that in the high-
velocity regime u > 2νR/9 the pressure minimum is
shifted to a certain latitude in the rear hemisphere, ap-
proaching the “equator” (ξ = 0) asymptotically. In this
case friction plays a minor role and the critical velocity
is ucr ≃
√
8pst/5ρ.
Note that for arbitrary acceleration (assuming u˙‖u),
one can introduce the effective damping rate νeff = ν +
u˙/u which can have either sign, so that the critical cosine
ξcr can have either sign as well. Thus, if a projectile
experiences sufficiently strong deceleration (|u˙|/u > ν),
the cavity can also be deformed at the front hemisphere.
The critical velocity ucr calculated above defines the
emergence of a point or circle of zero pressure on the
cavity surface depending on the value of ξcr. It is well-
known in gas dynamics that the existence of small local
regions of negative pressure would not lead to a signifi-
cant deformation of flow lines and, therefore, to a stall.
Instead, stall emergence requires an extended region of
negative pressure that covers a significant part of “rear
hemisphere”. There does not seem to be any criterion
that would tell us how large the negative region should
be to initiate a stall. Nevertheless, one can hope that the
velocity ucr derived above provides a reasonable lower
bound estimate for the cavity deformation onset. Strictly
speaking, the theory discussed above is not applicable for
the case u > ucr because a streamlined cavity is already
deformed. At the same time below the stall threshold,
this deformation is small, i.e., the cavity is still almost
spherical. Therefore, one could extend the analysis to the
region of the velocities higher than the critical one and,
respectively, to the region of negative pressure larger than
a point or a circle on the cavity surface. In the next Sec-
tion, obtained results are generalized to the case of the
finite compressibility of a fluid.
III. FLOW WITH FINITE COMPRESSIBILITY
In this Section, we will estimate the effect of finite com-
pressibility of the dust cloud on the velocity and pressure
fields. Here, we will treat a steady (u˙ = 0) and irrota-
tional (∇ × v = 0) flow, so that the fluid density is a
function solely of the radius-vector: ρ = ρ(r). Since
∇× v = 0 and ∇p = c2∇ρ, where c =
√
(∂p/∂ρ)T is the
sound velocity, we can rewrite Eq. (1) in the form
(v · ∇)v + ν(v + u) = −c
2
ρ
∇ρ. (8)
In this case, the continuity equation includes the fluid
density,
∇ · v + v · ∇ρ
ρ
= 0. (9)
Here, c is assumed to be constant independent of the lo-
cal velocity and plasma state parameters. We substitute
∇ρ/ρ = −(1/c2)(v · ∇)v − (ν/c2)(v + u) from (8) in (9)
to derive
∇ · v = 1
c2
v · (v · ∇)v + ν
c2
(v2 + u · v). (10)
We will search for the solution of Eq. (10) in the form
v = v0+v1, where v0(r) is the solution of incompressible
problem (for ρ = ρ0 = const, i.e., for c → ∞) given
by Eq. (5), the respective pressure distribution p0(r) is
presented by Eq. (6) (for u˙ = 0). Obviously, ∇ · v0 = 0.
We assume that |v1| ≪ |v0| and retain solely zeroth-
order terms on the rhs of (10) to obtain
∇ · v1 = 1
2c2
v0 · ∇v20 +
ν
c2
(v20 + u · v0). (11)
Here, we took into account that ∇ × v0 = 0 and hence
(v0 · ∇)v0 = ∇v20/2. Since |v0| ∼ u, |∇| ∼ 1/R,
and (u/c)2 is small for subsonic motion, the estimate
|v1| ∼ (u2/c2)max{u, νR} following from (11) justifies
our assumption. It is seen from this estimate that both
sides of Eq. (11) are of the order (u/c)2, and terms other
that zeroth-order ones would lead to higher-order terms
in this parameter. Obviously, |v1| → 0 at c→∞.
We introduce the scaled coordinate x = r/R and the
dimensionless potential ϕ˜1 defined by the relation v1 =
(u3/c2)∇ϕ˜1 (in so doing, the condition ∇ × v1 = 0 is
satisfied) to rewrite (11) in the dimensionless form
∇2ϕ˜1 = κ
2x6
P0(ξ) +
(
36
5x7
− 9
2x10
)
P1(ξ)
−κ
(
1
x3
− 1
2x6
)
P2(ξ)
−
(
6
x4
− 24
5x7
+
3
2x10
)
P3(ξ), (12)
where Pl(ξ) are the Legendre polynomials and κ = νR/u.
Here and in what follows, differentiation with respect to
scaled coordinates is assumed. The boundary conditions
for Eq. (12) follow from the conditions v1(∞) = 0 and
n · v1 |r=R = 0, i.e.,
ϕ˜1(∞) = 0, dϕ˜1
dn
∣∣∣∣
x=1
= 0. (13)
Solution of Eq. (12) is derived in Appendix A. The re-
sulting finite-compressibility corrections to the potential
and velocity at the cavity surface follow from (A6):
ϕ˜1 |x=1 = 81
176
ξ3 +
κ
2
(
1
4
ξ2 − 1
3
)
− 551
880
,
v1 |x=1 = u
2
c2
(
243
176
ξ2 +
κ
4
ξ − 551
880
)
(u− ξun).
(14)
4As it could be expected from symmetry considerations,
v1 |x=1 = 0 at ξ = ±1, i.e, at both poles. Note that result
(14) validates the estimate |v1| ∼ (u2/c2)max{u, νR}
given above.
On the basis of velocity correction (14) and using
Eq. (8), it is a straightforward matter to calculate a com-
pressibility correction to the pressure p1 = p−p0. This is
performed in Appendix B. It is worth mentioning that in
the general case, correction to the pressure (B4) includes
solely even powers of ξ, so that corresponding correc-
tion to an additional force exerted on the projectile due
to dissipation in the surrounding particle fluid [Eq. (10)
in Ref. [23]] vanishes. In the friction-dominated regime
(large κ), one can retain in (B4) solely the term propor-
tional to u2, which is independent of ξ, so that the total
pressure is
p(ξ) ≃ pst+ ρ0uνR
2
ξ +
ρ0u
2
8
(
9ξ2 − 5 + 4ν
2R2
3c2
)
. (15)
Thus, the pressure increases due to finite compressibility,
so that the threshold velocity of cavity deformation in-
creases as well. On the other hand, one can see that the
resulting correction is small when κu/c ≪ 1. However,
we will see that the finite compressibility correction is
always small for large projectiles even if this condition is
not satisfied.
Now we repeat the analysis of Sec. II for Eq. (15) in-
stead of (6). Since the finite compressibility correction
is independent of ξ, the expression for ξcr remains the
same as in Sec. II. Consider first the case |ξcr| > 1, when
we have to set ξ = −1 in Eq. (15) to find the threshold
velocity corresponding to emergence of a point of zero
pressure at the “rear pole” of a cavity:
ucr =
νR
2ω
−
√
ν2R2
4ω2
− 2pst
ωρ0
≃ 2pst
νRρ0
, (16)
where ω = 1 + ν2R2/3c2. For the case of large cavities
(R → ∞) typical for treated case, approximation (16)
is valid provided that the condition pst/ρ0c
2 ≪ 1, which
applies to experiments analyzed in Sec. IV, is satisfied
even if κu/c > 1. Thus, finite compressibility seems to
have no significant effect on the critical velocity. The
reciprocal dependence pst(ucr) has the form
pst
ρ0
=
ωu2cr
2
(
νR
ωucr
− 1
)
≃ 1
2
νRucr. (17)
Upon further increase of the projectile velocity u, the
region of negative pressure on the surface of a cavity is
expanded. It is a straightforward matter to demonstrate
that extrapolation of the theory to the extended region of
negative pressures (where it is formally invalid) results in
a very fast increase of this region with the increase of u.
Therefore, ucr is likely to be a good estimate for the stall
velocity ust. At the same time, ust > ucr means that if we
equate ucr = ust we obtain from (17) an overestimated
pst, which can be treated as an upper bound estimate for
the static pressure.
In the case |ξcr| < 1 typical for small projectiles, a cir-
cle with zero pressure first emerges at the critical velocity
ucr = 2
(
2pst
5ρ0
− ν
2R2
45
)1/2(
1− 4ν
2R2
15c2
)
−1/2
≃
(
8pst
5ρ0
)1/2
. (18)
Here, the approximation corresponding to the limit R→
0 also coincides with that for an incompressible fluid. If
ucr is known from experiment, one can derive an upper
bound estimate for the static pressure,
pst
ρ0
=
5u2cr
8
+
ν2R2
18
(
1− 3u
2
cr
c2
)
≃ 5u
2
cr
8
. (19)
In this case at u > ucr, the circle expands to a region
between two circles on the surface of a cavity. For small
projectiles, one can also demonstrate that a fast expan-
sion of the negative region takes place as u is increased.
Thus, ucr also yields a reasonable order of magnitude
estimate for a stall threshold.
IV. COMPARISON WITH EXPERIMENT
Based on developed theory we will analyze the pos-
sibility of cavity deformation in experiments. Consider
first the experiments carried out in the PK-3 Plus Lab-
oratory onboard the ISS under microgravity conditions.
Details on the setup can be found in [18]. Dust particles
injected into the main plasma with dispensers formed a
cloud around the center of the chamber. Some larger par-
ticles present in the chamber as well get sporadically ac-
celerated and penetrate into the cloud, thus forming pro-
jectiles [25]. Consider the experiment with argon as a car-
rier gas. For a gas pressure and temperature of 10 Pa and
Tn = 300 K, respectively, we have mn = 6.63× 10−23 g,
nn = 2.42 × 1015 cm−3, and vTn = 2.5 × 104 cm/s. A
dust cloud was formed by melamine-formaldehyde par-
ticles with the radius ad = 1.275 × 10−4 cm and mass
Md = 1.31× 10−11 g [19, 22], therefore, ν = 46.6 s−1.
Successive frames of the path of a projectile recorded
by a high-resolution camera are shown in Fig. 2. The
projectile velocity increases slowly from u = 0.7 cm/s
to 1.4 cm/s. Since the sound velocity measured in this
experiment amounts to 2.2 cm/s [19], such motion is sub-
sonic. The peculiarity of this motion is an abrupt change
of cavity configuration. At the beginning, the projec-
tile moves in the center of a cavity [cf. Figs. 2(a) and
(b)]. Then, at the point of trajectory characterized by
the velocity u = 1.06 cm/s, acceleration u˙ = 2.6 cm/s
2
,
and the cavity radius R = 3.74× 10−2 cm, the projectile
shifts abruptly from the cavity center to its front side
[Fig. 2(c)]. In the course of further motion, cavity defor-
mation is preserved [Fig. 2(d)]. One can assume that at
5 
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FIG. 2. Positions of dust particles and the projectile (neg-
ative images) at successive instants. Time interval between
individual frames is 0.08 s. Frames (a) and (b) illustrate a
spherical cavity; (c) and (d), deformed cavity. The projectile
is accelerated from (a) to (d).
the point shown in Fig. 2(c), the velocity of the acceler-
ating projectile exceeds a stall threshold. Under specified
experimental conditions, ξcr = −0.365, hence we substi-
tute ucr = 1.06 cm/s in (19) to derive an upper bound
estimate pst/ρ0 ≈ 0.753 cm2/s2 (or pst ≈ 3.0× 10−7 Pa).
Note that the correction for acceleration to the total pres-
sure −ρu˙R/2 [Eq. (6)] is small due to a small projectile
acceleration at selected point (u˙/u ≪ ν) and can be ne-
glected.
The estimate obtained above can be compared with a
theoretical estimation for the static pressure, which is
based on dimensionality considerations. Since dimen-
sionalities of the pressure and energy density coincide,
we can write with an order of magnitude accuracy pst ∼
Z2de
2nd/2r¯, where r¯ = (3/4pind)
1/3 is the Wigner–Seitz
radius for a dust crystal and nd is the number density of
dust particles. With Zd = 1200 and nd = 3 × 105 cm−3
[19], this estimation yields pst ∼ 5.4 × 10−7 Pa, which
correlates with the upper bound estimate resulting from
experiment.
Microgravity conditions can also be maintained on
parabolic flights. Such experiments were performed us-
ing the IMPF-K2 chamber [11]. The experiment was car-
ried out with argon at 30 Pa and ad = 4.775× 10−4 cm
(Md = 6.88 × 10−10 g and ν = 33.5 s−1). Projectiles
were accelerated by a special device (cogwheel) up to
both supersonic and subsonic velocities. A typical im-
age illustrating the motion of a subsonic projectile in-
side a dust cloud is shown in Fig. 3. Both the projectile
shift from the cavity center toward its front side and the
nonspherical (elongated) shape of a cavity are visible.
Unfortunately, a point of transition from a spherical to
a deformed cavity was not detected in this experiment.
Nevertheless, we can estimate the stall threshold for this
case. Note that here, the estimate pst ∼ Z2de2nd/2r¯
 
FIG. 3. Deformed cavity around a large subsonic projectile
moving with the velocity u = 1.8 cm/s. Reproduction of an
enlarged fragment of Fig. 3a in Ref. [11].
with Zd = 8800 and nd = 2 × 104 cm−3 [11] yields
pst ∼ 7.8 × 10−7 Pa, which is close to the estimate for
experiment [22] discussed above. Therefore, we can as-
sume that pst are close in both systems and use the up-
per bound estimate (16) to calculate ucr for the treated
system. With the cavity radius roughly estimated as
R = 0.1 cm, we derive ucr ≈ 0.462 cm/s, so that the pro-
jectile moves in the low-velocity regime (ξcr = −1.61).
Therefore, the stall threshold for this system does not
exceed 1 cm/s. This result correlates with the projectile
velocity in Fig. 3, u = 1.8 cm/s, which is still lower than
the sound velocity c = 2.0 cm/s [11]. Thus, the main no-
tion of the present study, namely that the cavity around
a moving projectile can be deformed at subsonic velocity,
is corroborated.
V. CONCLUSION
We have investigated the possibility of the deformation
of a cavity around large projectiles slowly moving inside
a cloud of small dust particles. This cavity is formed
due to a strong Coulomb repulsion between the projec-
tile and dust particles. Since the parameter βdp charac-
terizing this interaction is very large, cavity deformation
occurs solely due to the formation of a void adjacent to
the initially spherical cavity. This is similar to the pro-
cess of void formation in a fluid under negative pressure.
Since we approximate the dust cloud by a system of hard
spheres, zero pressure is sufficient for void formation lead-
ing to cavity deformation.
We model a collective particle subsonic motion in
a complex plasma by nonviscous irrotational hydrody-
namic motion of dust fluid and show that, in this model,
the reason for cavity deformation is the friction between
dust particles and neutral atoms of a carrier gas. It is this
friction that stipulates the emergence of a zone of nega-
6tive pressure over the back of a cavity surface. If such a
zone covers a substantial part of the surface, stall takes
place, which is observed as cavity deformation. We have
found that the deformation is more likely to be observed
for larger projectiles. The deformation occurs when the
projectile velocity exceeds some threshold of subsonic ve-
locity.
Since typical projectile velocities are of the same order
of magnitude as the sound velocity, we have studied the
effect of finite compressibility of the dust fluid on velocity
and pressure fields. Toward that end, we have obtained
an exact solution of linearized gas dynamics equations
for compressible nonviscous fluid flowing about the cav-
ity. In so doing, we included both the convective and
friction terms in the Navier–Stokes equation. Calcula-
tions showed that corrections for finite compressibility
are rather small. Generally, account of the compress-
ibility leads to a shift of the area covered by a negative
pressure zone.
Analysis of available experimental data has validated
our approach. It was found that the cavity is deformed
when either the velocity [22] or the size [11] of a projectile
is sufficiently large. It is worth mentioning that the phe-
nomenon of cavity deformation is similar to the formation
of a void behind a cluster of smaller particles moving in
the cloud of larger ones [26]. For intermediate projectile
sizes, a transition from a spherical to a deformed cavity
was observed along the trajectory of an individual pro-
jectile. The transition threshold is in accordance with
the developed theory. This made it possible to estimate
the static pressure inside a dust cloud and, hence, opened
up a possibility to use projectiles as a diagnostic tool for
the dust equation of state.
In this study, we restricted ourselves to an investiga-
tion of the threshold of cavity deformation and did not
address the shape of the deformed cavity or displacement
of the projectile away from the center of its cavity. This
problem would require an adequate account of the local
nonspherical charge distribution around the projectile. It
is also possible that the observed shift of the projectile
from the center of a cavity is noticeably favored by an
additional drag force exerted on the projectile [23].
Appendix A:
The solution of Eq. (12) with boundary conditions (13)
is represented in the form
ϕ˜1(x, ξ) =
3∑
l=0
fl(x)Pl(ξ), (A1)
where fl(x) are the coefficients of expansion in the Legen-
dre polynomials Pl(ξ). We substitute (A1) in (12) taking
into account that ∇2Pl(ξ) = −l(l + 1)x−2Pl(ξ) to re-
duce Eq. (12) to a set of ordinary differential equations
in spherical coordinates for nonzero functions fl(x),
d
dx
(
x2
dfl
dx
)
− l(l+ 1)fl = ql(x), (A2)
where q0(x) =
1
2
κx−4, q1(x) =
36
5
x−5 − 9
2
x−8, q2(x) =
−κx−1 + 1
2
κx−4, q3(x) = −6x−2 + 24
5
x−5 − 3
2
x−8. The
boundary conditions for (A2) follow from (13):
fl(∞) = 0, dfl
dx
∣∣∣∣
x=1
= 0. (A3)
The rhs of (A2) has the form
∑
k
blkx
−k, where blk are
constants entering the functions ql(x). Solution of (A2)
is then given by
fl(x) =
C
xl+1
+
∑
k
blk
k(k − 1)− l(l+ 1)
1
xk
, (A4)
where C is defined by the second boundary condition
(A3), whence it follows that
fl(x) =
∑
k
blk
l(l + 1)− k(k − 1)
(
k
l + 1
1
xl+1
− 1
xk
)
.
(A5)
Finally, we obtain
f0 = κ
(
− 1
6x
+
1
24x4
)
, (A6)
f1 = − 2
3x2
+
2
5x5
− 1
12x8
, (A7)
f2 = κ
(
1
6x
− 1
6x3
+
1
12x4
)
, (A8)
f3 =
3
5x2
− 54
55x4
+
3
5x5
− 3
88x8
. (A9)
(A10)
Appendix B:
The pressure correction due to finite compressibility
can be found using the corresponding velocity correction,
Eq. (14). We rewrite Eq. (8) in the form
− c2∇ ln ρ = 1
2
∇v2 + ν∇ϕ, (B1)
where ϕ = ϕ0 + ϕ1 and v = u + ∇ϕ. By integrating
Eq. (B1) we derive
ρ− ρ0 = −ρ0
c2
(
v20
2
+ νϕ0
)
− ρ0
c2
(v0 · v1 + νϕ1)
+
ρ0
2c4
(
v20
2
+ νϕ0
)2
, (B2)
where ρ0 = ρ |r=∞ and the terms up to (u/c)4 are re-
tained (for simplicity we assume c = const). We write
7the equation of state for the dust fluid in the form
p− pst = c2(ρ− ρ0), which yields
p = pst − ρ0v
2
0
2
− νρ0ϕ0 − ρ0v0 · v1 − νρ0ϕ1
+
1
2ρ0c2
(
ρ0v
2
0
2
+ νρ0ϕ0
)2
. (B3)
The first three terms of Eq. (B3) represent Eq. (6) with
u˙ = 0. Hence, by substituting in Eq. (B3) the expressions
for ϕ0 and v0 [Eqs. (4) and (5)] as well as for ϕ1 and v1
[Eq. (14)] taken at the cavity surface, we get
p1(ξ) =
ρ0u
4
c2
[
1
6
κ2 − 3κξ2
(
ξ2 − 101
440
)
−2025
1408
(
ξ4 − 5414
3375
ξ2 +
5237
10125
)]
. (B4)
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